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Abstract

his paper. we introduce the notion of angle and Thy-angle in an
n-normed space and prove some l'undarmal properties and a

characterization theorem for Thy-angle in an m-normed space.
1. Introduction

The notion of @y-angle i normed space has been mtroduced n [15,
16]. The study on an #-normed space, which 1s a generalization of normed
space, has been done by mathematicians as outlined in [2-11]. By
considering those, a notion of Thy-angle in an #n-normed space, a

generalization of Thy-angle, 1s already constructed in [15].

On the other hand, in 2008, Thillaigovindan et al. [14] have constructed a
notion of angle between two vectors in an n-normed space. However, there
are some gaps in Definition 3.1 [14]. The gaps are: (i) if {x,, .., x,} is

linearly dependent, then x, x5,...x, or . xp,..X, Is zero, so
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O(x, y: x5, ..., x,,) in [14] is not defined on X; (i1) if x or y is In
span{xy, .., x,}, then 6(x, y; x5, ..., x,) is not defined on X. By the
existence of gaps, a notion of angle between two vectors in an m-normed

space is developed which 1s an improvement of Definition 3.1 [14].

In this paper, the notion of Thy-angle in an #-normed space along with
the new notion of angle between two vectors in an n-normed space, is used

for proving a characterization theorem for Thy-angle in an #-normed space.
2. Preliminaries

This section provides a collection of basic definitions and results needed

for the development of the new concepts.
Definition 2.1 [8]. Let # be a natural number (n € N) and X be a real

vector space having dign(.Y') = n. A real valued function |-, .... - on X" is
said to be an n-norm on X if for any ¥, x,. ... x,, € X, the following four

properties hold:

@ | x1s ..o x, || =0 if and only if {x;. x5. .... x,,} is linear dependent

on.X,
(ii) || x5 ..., x, | 1s invariant under any permutation,
(i) | exy, ..o x| = | || %5 .os Xy, || for any o € R,
Y L L P PY PRy DY P |
he pair (X, |- ... -||) is called an n-normed space on X

Definition 2.2 [1]. Q nelN and X be a real vc«m space with
dim(X) = n. A real valued function {, -|-, ..., )dn X"+ is said to be an
n-inner product on X if for any xj., x5, ..., x;, € X' satisfying the following

conditions:
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6 (x‘) X|Xy, X3, ..., xn> >0,

() (x, x|x3. x3, ..., x,,) = 0 if and only if {x, x;, ..., x,,} is linear

dependent,
(1) {x, y|x5, x3, ... X,,) = (V. x[x5, X3, ..., X)),

(iv) {x, y|x2, x3, ..., X;;) is invariant under any permutation of x,. ...,

(V) {x, x|x2, X3, ... X,,) = (X2, X3 | X, X3, ... X}, ),
(vi) {ox, x|x3, X3, ..., X)) = X, x|, X3, ..., X,) forany o € R,
Vi) (x+x', y|x3, X3, ..., %) = {x, y[%3, x3, ..., Xp,)

S, |8, x3, ... 8).
The pair (X, (-, |- ..., -})) 1s called an n-inner product space on X.
Theorem 2.3 [1]. If an n-inner product space on X is given, then

@ % X2, .o X | = (X0, X1 X2, X5, ... X,,) defines an n-norm on X,

(11) the extension of Cauchy-Buniakowski inequality:

(x, y|x3, X3, ... %) < 0. x[25, X3, ., %) -0, VX, 03, s X,)

also holds.
" Theorem 2.4 [12]. If an n-inner product space on X is given, then
[ %1, %35 s X, | = (x10 X1 | %25 33, ... Xy, ) defines an n-norm on X for which
1 2 2
(e ylxg. x3. s X) = ZUX+ 0y s Xy |7 =[x =y x|,

1
(x, ylx3, x3, ..., X,) = 5{| X, X3, s Xy, ||2 +| ¥, X2s s Xy ||2

2
—lx=y. x2. . % |73
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and
- 2 2
%+ 2. %25 s X [* 1 = 35 %25 s % ||

2 2
=20 % X, [Ty X2, [

;
Definition 2.5 [15]. Let (X |-]) be a ngggred space and x. y € X. A
Thy-angle between x and y, denoted by Ay, (x, ), is defined as

2 2
LI y X
Ay, (x, ¥) = arccos| — H—+_H _ o ‘
g B B

Theorem 2.6 [15]. Agpy,,(x. y) lies between 0 and m.

'

3. Discussion

3.1. Thy-angle in an n-nomela)ace
In this section, we will use X is a real vector space with dim(X') = n.

1
Definition 3.1.1. Let (X,

* ... °[) be an n-normed space and x, y.
X|X9, X3, ., X, € X, {x), X5, %3, ..., X,,} be a linearly independent set. A
Thy-angle between x and y with respect to xj. X3, x3. ..., X,,. denoted by

App, (. y2 xq. ., x,,). 1s defined as

Arpy (X, Y3 Xy, .., %)

2
Y
= arccns|:z Z U = <f E s Xjy s oees Xf
. nipicil.. n)
2
JE-L£ &
(P 'LIJ 2 * in
with
1
2

(p = [ ” X, x,-z e JC,-” ||2]
s =
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and
1

2)2
5 5 P

Lin [Z{fz.--uf,,}cu.

.
Theorem 3.1.2. Le!d)( s e |) be an n-normed space and x, y, x;,

X9, X3, r Xy € X. If {X), X9, ..., X} is a linearly independent set, then
() Arpy (%, Y3 %15 s %) = Ay (¥, X, 305 000 %)
(1) Agpy (oo, By: Xy, ..y %) = Agpy, (%, Y3 X1 s X)), Jor o, P € R with

p=>o0.

(i) Ay (oo, By: xq, s X)) = T = Appy (. Y Xp, s ). for o, pe R
with of < 0.

(iv) A;;-,,y(x, Vi X[, o X,) = 0 if and only if x and y are two vectors of
the same direction.

) A;;-h},(x, Vi X[, ..o Xy) = if and only if x and y are in opposite
direction.

31
Vi) If (X, (s | -..s ) @ an n-inner product space, then

{:‘2,...,f,,}c{l,....n}<x’ Vxiys s x;,)
Q-

A”U* (x. y: x. ... x,;) = arccos

with
|

2
0 [ D L ||2]
fig. it

and
1

2
w=[ Y v ox, H .
{fz i, o
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(vin) If ¢ =y, then
4 cos Ay (x, y: x50 X))
2 2
= > Ax+y. %, 5 | = x-y x5, .. 5 [)
{iz. i dcil. n}

with
1

7]
q,=[ > [ ||2]
{

By, iy il . on}

and

1

2
2
u[ > ||yfx,-2,.,-,x,-”||],

{iz,iyjcil... n}
Proof. For (1) to (v), it follows immediately from Definition 3.1.1.

Since {x1, X5, ..., x,,} is a linearly independent set, by applying Theorem

2.4, we have

2
x v x> oy x ¥
<$, E x,-z, x,-”> = Z{ (_P E, x,-2 ,,,,, i - E—E, iy o oo iy, | }
So.
x y . ,
Z <$, G A x,-”> = cosAThy(x, Vi X5 s Xp)-

{in....iptcil, ... n}
This proves (vi).
To prove (vii) we proceed as follows.

Since ¢ =,
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2

1
T DN L2 3 7F ARE y PR )

Consequently,

4¢? cos Agypy (x, ¥, X150 X))

= 2 2

= Y Ux+yxyn P -lx-y. 5. .x,"). O
iz, ipicil, ... n}

Theorem 3.1.3. Let x,y, X, X3, .., X, € X. If {x,%,..%,} is a

linearly independent set, then for any real number t # 0, we have

lim oy

f—r> i

232
[Z{Q.....:‘,,}c{]‘.._n}|| Dt Ys Xiys oo X, I )

X

1

22
(Z{rz....‘rﬂ}cuw..n} I % o3, | J

and

x+y

1
3 \2
(Z{Q.....:‘,,}c{]‘.._n} [ o+, Ligs - Xy, I )

lim
t——w
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Proof. Let || be sufficiently large with x + y # 0.

If + >0, then

lim
=0 1

232
[Z{I}---.h,}c{l..._n} o+, %y, x| )

i X+ t
= lim y/
f=rm 1

2)2
(Z{:'z‘....:'ﬁ,}c{l..... n}" x+yft, Xiy» - Xy I )

2)2
(Z{fz..._f,,}c{]‘....n} ” X Xigon X, " )
If + < 0, then

x+y

212
[Zg;—z,._._,},}c{l_...‘,,}" oty X %, | )

- -x+ yfk

1 f

2)2
[z{fz-----"u}c{l. .._n}" Xt Yk, xiys s, | j
where ¢ = -k, k >0 and

: x+
lim Y
I——0 1

2)2
(Z{fg,...,:',,}::{].....n}" 0+ Y, Xiys oo Xy " )
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=— = O

232
[z{f2~----*'n}f:{1~---~n}|| %, Xig> o X | )

Theorem 3.1.4. Ay, (x, v, xq, ... x,,) lies between O and =.

Proof. Let

1
25
o=| Y Ixxgeeax,
and
1

232
V= (z{fz-----fu}c{l-----n} 13 %> - 53, | ] '

Since

fir,....ip}cil, ..., n}

= Z{;—Z..._f,,}cu....n}(

X Y
= Xigs e X [ H 55 Xiys s X
(P n ll; n

;

2 X X,
T3 N3 rra A
P 2 n

& [z{fz.....f”}c{]‘...Jl'}

+[Z{J'Z‘...‘f”}c{l.....n} P

and
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5 212
< Z E, xfz, . x;-”
tia. iy dcil...n}
2
y 2
+ Z 6, x,2 s Xy | = 4,
2. gyt omj
we have
X,y x_y i
-4 < 5 +\_|;’ Xjgs oo Xy Il = o Ty e X,
{ia.aipicil .. n}

Therefore Apy, (x. y. x|, .... x,;) lies between 0 and . O

Theorem 3.1.5. Let x, y, x|, X3, X3, ..., X; € é}f {xl, X2, . xn} is a
linearly independent set, then for each o € (0, ), there exists a real number
a such that

Appy (%, ax + y: Xy, ..., X,) = 0

Proof. By using Theorem 3.1.5, it 1s sufficient to see that for any & €
(-1, 1) there exists a number @ such that

2 2
1 x | .
n —+ = X, X | = X, X =k
4 {:_2‘”_.:_”}2‘:{1."“”} (H [} W L] Iy P W (s} in J
By using Theorem 3.1.4, we have
2
11 x f+y
lim | — Z { = s Xy s X
g2 -0 X,
"_’w[‘l lin, il ? @ d
2
_ﬁ_tx+}’>x‘_ , X ]]zl
P ()] 2 n
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989
and
2
lim % Z [£+fx+y>xr_2ﬁw i
e i, igjcil...n} ® “
x o+ e
e o > Yig> s iy ==
with
1
= 212
q)_(z{fznmfn}c{l ol 5 ] ’
1
- _— 2 )2
s [Z{fz,...,:',,}::{].....n}” Y- iy oen X | J ’
and
1
= _ 12 )2
o = (Z{fz‘....!ﬂ}c{l.....n} | oc+y, x5 o % | ) .
Since

1 x  Ix+ 2
g(t) - 1 z [ 5 N W . ’ x’.z * xfn
{i2,..itcil, ... .n}
X tx+y

1s a continuous function at ¢, the result follows.

3.2. The angle between two vectors

The following definition is a revised version of Definition 3.1 [14].
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1
Definition 3.2.1. La (X. ||~ - -|) be an m-normed space and x, y,

X|X3, X3, .., X, € X, {¥X], X3, X3, ..., X,,} be a linearly independent set. The
angle between x and y with respect to x|, X, X3, ..., X, denoted by

A (x, v x5 ... x,,), 15 defined as

Au(x, yi X, s xy)

with

and

The relation between Ayy,,, and 4, which expressed in the following theorem,

1s called as a characterization theorem for Thy-angle.

Theorem 3.2.2 (Characterization theorem). Let (X,

[~ ... -]) be an
n-normed space. The pair (X, (. |-, .... ) is an n-inner product space if and
only if

.41-&FE Vi Xps o X ) = Au(x, v X, o X,)

Jor any x., y. x|, %3, ...%, € X, {xl, X555 5155 x”} is a linearly independent

set.




Thy-angle in an n-normed Space 991

Proof. By using (vi) of Theorem 3.1.2, we have

.. ipicil, .. n}

A;;xh_,,,(x, Vi X, .y Xy ) = arceos

We also have

g, iyl o} e, 1% o 5,)

Py

Awa(x, ¥ X9, ..., X,,) = arccos,

with

and

1
- _ 12)2
V= [z{fz---ufu}c{l-----”} |5 %> > 5, | j '
[

By applying Theorem 2.4 to % and $> for any x, y. xy. ... x, € X,
{x]. x5. ..., X,,} is a linearly independent set, we have

Xy
= X, L x
Z }<(P W L) "n)

{igenipietlum

> I{H = 2 |y 2
= = — . x,-z, . +‘ -, x,.z -
{'—2-""‘}:}‘:{1‘-..,”} 2 ¢ " W n

» Xiy s oes iy
L W
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= cos A, (x, y;, xp, ...

» Xn)-
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)

So. _43-;,_1;(37, Vi Xps s X)) = Ai(x, W X0 s X ).

Conversely, let

ATI;,_F(x, Vi Xs o X ) = Au(x, v x5 . X,)

for any x, y, x. x3. ..., x, € X, with {x5, x3, ..., x,,} be a linear independent

set. By applyi]a Theorem 2.4, it 1s enough to see that parallelogram law

holds for x, y, x;, %5, .. x, € X, {x,

If we take ¢ = =1, then
cos Appy (x, 2 Xy, .,

P2

{ia, iyl n}

Xy)

and
cos Au(x, y; x5, .., X,) = Z

{ia, winiefl
Therefore,

1
F Z Ul x+y. x;.

fiyeomigiefl. ...}

(”x—"_y*x!'z"

X5, ... X} 1s a linear independent set.

).

2
e xi'-” " - || x_y! x;'zs EEETY xf”

2
X, |

2
D= 5o 3, )
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2

Since x, y, X, X3. ..., X, € X are arbitrary,

|| X =V, X3, .. Xp ||2 —|| X+ YV, X3, .. Xp ||2 =4 - 2||x— Vo X2, s X ||2

Hence
2 2
lx=y %2, s 5 |7+ x+ . %0, s x, |° = 4
It shows that (X, (-, -|- ..., -)) is an n-inner product space. O
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